ON A CLASS OF NON-INTEGRABLE MULTIPLIERS FOR THE JACOBI 

TRANSFORM 



TROELS ROUSSAU JOHANSEN 

Abstract. We show that a bounded function m on K not necessarily integrable at infinity 
may still yield L p -bounded convolution operators for the Jacobi transform if the nontangential 
boundary values of uj ■ m along the edges of a certain strip in C yield Euclidean Fourier 
multipliers, where u is a function of the form w(A) = (A 2 +4p 2 ) a+1 / 4 . This partially generalizes 
similar results by Giulini, Mauceri, and Meda (on rank one symmetric spaces) and Astengo 
(on Damek-Ricci spaces). 



1. Introduction and statement of result 

The study of translation invariant operators has played a decisive role in the development 
of Euclidean harmonic analysis, as evidenced, for example, by the landmark paper |13] by 
Hormander. A close connection between said translation invariant operators, the Fourier 
transform, and distributions was uncovered, as such operators turned out to be Fourier 
multiplier operators, or, what amounts to the same thing, convolution operators with suitable 
kernels. It didn't take long for the experts to seek new venues for their inquiries. One of the 
first was the important paper [5], where exciting non-Euclidean phenomena were uncovered, 
in the setting of noncommutative harmonic analysis on a noncompact symmetric space. 

Let us specialize to the rank one situation for the moment and define £l p = {A G C : |ImA| < 
\2/p — l\p}, where p is a certain constant associated with the symmetric space G/K (half the 
sum of positive roots, see Section [2]). Clerc and Stein observed that an LP- multiplier for the 
so-called spherical transform of a Riemannian symmetric space of the noncompact type always 
has a holomorphic extension to the strip Q p . Several multiplier results followed the publication 
of [5] and while we cannot adequately recount the complete literature, let us at least mention 
[22 (the rank one case) and PQ for the general rank case (where the strip £l p is replaced by a 
tube domain T p over a certain cone in the dual of the Lie algebra of the Iwasawa-group A in 
G). More recent advances include |14| . as well as [1]. The latter establishes the results from 
|T] in the context of Chebli-Trimeche hypergroups (which subsumes the spherical analysis on 
a rank one symmetric space, and more generally the Jacobi analysis we are dealing with). 

It is well-known that an LP- multiplier m for the spherical transform on G/K is determined 
by its boundary value on the edge on P , and Anker showed that if this boundary value satisfies 
a Mihlin-Hormander condition of sufficiently high order, then the function is an LP- multiplier. 
A multiplier result with less restrictive assumptions on the multiplier was obtained in 
(and generalized to Damek-Ricci spaces in [3] ) , and it is the purpose of the present paper to 
establish a 'spherical' counterpart to both papers in the context of Jacobi analysis. Giulini et.al. 
observed that there exists a function uj, holomorphic and non- vanishing in a neighborhood of 
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01 such that m is still a multiplier if merely the nontangential boundary value of um satisfies 
Mihlin-Hormander conditions, so a class of multipliers larger than the one considered by 
Anker is thereby allowed. Additional remarks are to be found in the Introduction and Section 

2 of [11J. In essence m is allowed to be less regular at infinity, in particular be non-integrable. 
This extension was not investigated in [3] but our results generalize to that setting. 

The precise formulation is as follows. Let u>(\) = (A 2 + Ap 2 ) a+l / A . 

Theorem 1.1. Let m be an even, holomorphic function on fij.. If com is bounded on and 
its nontangential boundary value (urni) p at the upper boundary line {A + ip} o/Oi belongs to 
M P (M) for some p G (l,oo), then m is an LP -multiplier for the Jacobi transform, and there 
exists a finite constant c such that \\m\\M p < c ll( Lt;7Tl )pllA4p(K)- 

Here we adhere to the following notation and terminology: Denote by A4 P (M) the space 
of Euclidean multipliers and by A4 P the space of Jacobi multipliers. The multiplier norm of 
a function m is by convention the operator norm of / i— > J-~ 1 (J-f ■ m) acting on L P (R), and 
similarly for the Jacobi multipliers. These choices of norm turn A4 p (R) and M p into Banach 
spaces. Let dp(t) = (2sinhi) 2a+1 (2cosht) 2 ^ +1 di (the significance of this measure is explained 
in Section [2| and denote by CO^d/j,) the space of all linear operators that map boundedly from 
L p (dfi) to L q (dp) and commute with (left) translation. The relevant translation is introduced 
in Equation ^ below. We write CO p instead of CO p (dp), whereas the Euclidean analogue 
shall always be denoted by CO p (M). It is standard that every operator T £ CO p (dp) has the 
form Tf = k-k f for a unique, suitable function k, and where * is a suitable convolution (see 
Equation Q). By a slight abuse of terminology we say that a function k belongs to CO q (dp) 
if the associated convolution operator / 1— >• k-k f is LP — LP bounded, hence in CO p {dp). 

The proof will follow closely the approach in |1 1 j and [3] with one crucial difference (and 
several smaller technical ones). We cannot use the Herz restriction principle, as we do not 
have any natural subgroups to which we restrict multipliers. In the present setup transference 
is the proper replacement, as was also utilized in both [22] and [16]. The transference result is 
from [TQ] and it must be pointed out that the proof of the transference theorem is much more 
difficult than the version used in |22] , where group- invariance of the convolution kernel may 
be exploited. An important realization is that the use of the Figa-Talamanca-Herz algebra 
A p (M) in [TT] is still permissible in the Jacobi setting, once we have transferred the analysis of 
the Jacobi multipliers to an Euclidean setting. We refer the reader to [7] for details on the 
Figa-Talamanca-Herz algebra A p (R) as well as the Herz restriction principle, and to [B] for 
further details on transference. 

Of a more technical level, we mention new c-function estimates (necessitated by a, /3 not 



being half- integers), the details are summarized in Lemma 2.1 Estimates involving the density 
A(i) also tend to become more complicated. 

A word on notation: Error terms are always denoted by E or e, sometimes with indices, 
like E\ and £1,1- This is not to imply that the different terms are somehow related, rather it 
is a matter of notational convenience. The notation o < b is used as shorthand for an estimate 
of the form a < cb for some constant c; this constant c might change from line to line. We 
write out the actual constants if they are important for the conclusion. 

2. Jacobi Analysis 



In this section we briefly collect the pertinent definitions and facts relevant for Jacobi 
analysis. A much more detailed account can be found in [18] , for example. Let (a)o = 1 and 
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(a)k = a(a + 1) ■ ■ ■ (a + k — 1). The hypergeometric function 2-^1(0, b; c, z) is defined by 

2 F 1 (a,b;c,z) = ^ z , |z| < 1; 

fc=o W fcB ' 

the function z 1— >■ 2-P1 (a, 6; c, 21 ) is the unique solution of the differential equation 
z(l - z)u"(z) + (c-(a + b+ l)z)u'(z) - abu(z) = 

which is regular in and equals 1 there. The Jacobi function with parameters (a, (3) (which 
will assumed to be real) is defined by ip^ (t) = 2^1(5(0 + j3 + 1 — iX), \ {a + f3 + 1 + 
i\);a + l,-sinh 2 i). For \/3\ < a + 1, the system {^ a '^}A>o 

is a continuous orthonormal 

system in M + with respect to the weight A a ^(t) = (2sinhi) 2a+1 (2cosht) 2 ^ +1 , t > 0. Assume 
that a 7^ —1,-2,..., a > |, and a > /3 > — |- The Jacobi-Laplacian is the operator 
£ = £a,p = £1 + ((2a + l)cotht + (2/3 + l)tanhi)|, by means of which the Jacobi function 
<pf'^ ma y alternatively be characterized as the unique solution to 

(1) £ a ^ + {\ 2 + p 2 )<p = 

on M + satisfying <p\(Q) = 1 and 92^(0) = 0. It is thereby clear that A 1— >■ <p\(t) is analytic for 
all t > 0. Moreover, for ImA > 0, there exists a unique solution <p\ to the same equation 
satisfying (f)\(t) = e^ A ~^*(l + o(l)) as i — > 00, and A \-¥ 4>\(t) is therefore also analytic for 
t > 0. 

In analogy with the case of symmetric spaces, one proceeds to show the existence of a 
function c = c a ^ for which <p\(t) = c(X)e ( - tX ~^ t (f)\(t) + c(— \)e ( >~ lX ~ p * )t (J)-\(t). Since we adhere 
to the conventions and normalization used in [2] , the c- function is given by 

= 2^ A r(iA)r(a + l) 

Observe that for a, (3 7^ —1, —2, . . ., c(— A) -1 has finitely many poles for Im A < and none if 
Im A > and Re p > 0. It follows from Stirling's formula that for every r > there exists a 
positive constant c r such that 

(2) lc(-A)!" 1 < c r (l + |A|) RcQ+ i if ImA > and c(-A') ^ for |A'-A| < r. 

Lemma 2.1. Assume a > (3 > —\. 

(i) For every integer M there exist constants Ci,i = 0, . . . ,M — 1 (depending on a, f3, and 
M) such that 

( A/-1 >| 

|c(A)|- 2 ~c |A| 2a+1 |l+ c i X ~ j + °( X ~ M )j as\X\^oo. 

(ii) Let d(A) = |c(A)|~ 2 , A > ; and k £ No- There exists a constant Ck = Ck, a ,i3 such that 

^d(A)|<c fc (l + |A|) 2a+1 - fc . 

(iii) c'(A) ~ c(A)0(A- 1 ) and c"(A) ~ c(A)0(A- 2 ). 

In particular ^(A)- 1 ^ |c(A)- 2 c'(A)| < lc(A)- 1 ^ < |A| Q -5 for |A| large. 

Proof. We refer the reader to |15| Lemma 2.1] for a proof. This improves on the usual 
asymptotic statement that |c(A)| -2 ~ |A| 2q+1 as |A| — > 00, cf. [221 Lemma 4.2]. □ 
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Let du(X) = dv a fi{X) = (2ir) 2 |c(A)| 2 dX and denote by L p {dv) the associated weighted 
Lebesgue space on M+; note that c(A)c(-A) = c(A)c(A) = |c(A)| 2 whenever a, (3, A G R. The 
Jacobi transform, initially defined for / G C£°(]R+) by 

r(a + 1) Jo 

extends to a unitary isomorphism from L 2 (dfi) onto L 2 (du), and the inversion formula is the 
statement that 

/■oo 

/(t) = / f(X)(px(t) du{\) 
Jo 

holds in the L 2 -sense, cf. |17| Formula 4.5]. The limiting case a = j3 = — \ is the Fourier-cosine 
transform, which we will not study. One easily verifies that Cf(X) = —(A 2 + p 2 )/(A). 

Remark 2.2. For special values of a and /3, determined by the root system of a rank one 
Riemannian symmetric space, the functions ip\ are the usual spherical functions of Harish- 
Chandra. To be more precise assume G/K is a rank one Riemannian symmetric space of 
noncompact type, with positive roots a and 2a. Furthermore let p denote the multiplicity of a 
and q the multiplicity of 2a (we allow q to be zero). With a := |(p + q — 1) and j3 := \{q — 1) 

both real, and p = 2(a — (3) and q = 2/3 + 1, the function ^"'^ ^ s precisely the usual elementary 
spherical function ip\ as considered by Harish- Chandra, p = a + (3 + 1 = \{p + 2q) as it should 
be, and dim(G/K) = p + q + l = 2a + 2. 

A similar choice of parameters a, (5 reveals that even spherical analysis on Damek-Ricci 
spaces is subsumed by the present setup. This was exploited in |2]. One should also observe 
that Jacobi analysis can (perhaps should) be placed in the framework of harmonic analysis of 
hypergeometric functions associated to root systems; according to \2\\ p. 89f], the hypergeo- 
metric functions for a rank one root system with non-negative multiplicity function k (the 
construction of which is explained, for example, in [2D]) are then expressed by 

F(X, k,t):= 2 F 1 (*±P, ^±P- ,k l + k 2 + ±,- sinh 2 t) . 

These are special types of Jacobi functions; with a = k\ + k 2 — ^, and /3 = k 2 — \, one observes 

that F(iX,k;t) = tp^'^ft). The ideal situation where a>^, a>/3>— \ thus amounts to 
the requirement that k 2 > and k\ > 1 — k 2 . 

Recall from [9, Formula (5.1)] the generalized translation t x of a suitable function / on M + , 
which is defined by 

/■oo 

(3) ( Tx f)(y)= f(z)K(x,y,z)dfi(z) 

Jo 

where K is an explicitly known kernel function such that 

(fx(x)(px(y) = / (p\(z)K(x,y,z)dfi(z). 
Jo 
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In fact (cf. m Formulae (4.16), (4.19)]), for \s - t\ < u < s + t, 

K(s, t, u) = - — ^ — - — ^— / (1 — cosh 2 s — cosh 2 t — cosh 2 u 

(smh s smh t smh u) za Jo 

+ 2 cosh s cosh t cosh u cosh y)°~^ _1 sin 2/3 y dy 

2^~T(a + l)(coshs cosh i cosh n)"^ 1 
r (a + I ) (sinh s sinh t sinh «) 2a 

x (1 - B 2 ) a ^ 2 F 1 {a + p,a-P\ot + \\\{l- B)) 

where B(s,t,u) = cosh * ^cL^tZshu' 1 i elsewhere if = 0. The associated generalized 
convolution product of two functions /, g £ L 2 (dfi) is defined by 

/*oo /*oo 

(4) f*g( x )= / f(y)(T x g)(y)d(j,(y) = f(y)g(z)K(x,y,z)dfj,(z)dn(y). 

Jo Jo 

This convolution is associative and distributive, and by O Equation (5.4) (iv)], f * g(\) = 
f(X)g(X). The usual inequalities for convolutions continue to hold, as we have the following 
general form of the Young inequality. 

Proposition 2.3. Let p,q, and r be such that 1 < p,q,r < oo and - + ^ — 1 = i. T/ie 
convolution f * g of f £ L p (dfi) and g £ L q (d/j,) is then well-defined as a function in L r (dfi), 
and \\f*g\\ r < ||/|| P ||ff|| 9 - 

Proof. See [3 Theorem 5.4]. □ 

Definition 2.4. Let m be a bounded, measurable, even function on R, and let T m be the 
bounded linear operator defined for / G L 2 (d[i) by T m f(X) = m(A)/(A), A G M. The function 
m is called an L p -multiplier for the Jacobi transform, with p £ (1, oo), if the operator T m 
extends from L 2 (dfi) Pi L p (dfj,) to a bounded linear operator on L P (R + , d/i). 

Remark 2.5. The multiplier results in [3] and |11] are formulated for operators acting on 
functions that are not necessarily radial. The analogly in Jacobi analysis would be to consider 
functions on R that are not necessarily even, and our main theorem can be reformulated 
accordingly as follows. Write a function / on R as the sum of its even and odd parts, 
/ = f e + f Q , and notice that one can still define the convolution between an even and an 
odd function. One verifies that K(—x,y,z) = (—l) 2a K(x,y,z) for all x,y,z > 0, so that 
\K(—x,y,z)\ = \K(x,y, z)\ and correspondingly \K(x, y, z)f(x)\ p < 2 p \K(x, y, z)f e (x)\ p . The 
norm of k * f [k still even) as an element of L P (R, dfi) is therefore controlled by the norm of 
k* f e , which is in L P (M+, d/i). While this extension is straightforward, it is also cumbersome 
to write all the time. All statements to follow can be modified to be about L P (R, d/i) rather 
than L p (R+,d[j,) but since one cannot naturally identify L P (M) with L P {G/K) in the case of 
a, j3 being geometric, we do not obtain statements about operators acting on L P (G/K). While 
going from L P (M + ) to L P (M) in Jacobi analysis is straightforward, the same cannot be said 
about L p (K \ G/K) versus L P {G{K). 



3. Local Analysis 



We prove Theorem 1.1 by separately investigating the local and the global part of the kernel. 

1/2 

Fix a smooth, even function ^onM such that < tp < 1, ip(t) = 1 for \t\ < R Q , and tp(t) = 
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for \t\ > Rq, where Ro is the constant from Lemma 3.lQ see also \'2'2\ Theorem 2.1]. Let k 
be the inverse Jacobi transform of the multiplier function m, regarded as an even distribution 
on R. As in [TT] , we cancel out possible poles by introducing the modified multiplier function 
M(A) := m(A)c(— A) -1 , A£l. Since M extends to a function that is holomorphic in S7i and 
bounded on strips of the form {z € C : e — p < Im z < p}, e > 0, the Fatou lemma guarantees 
that M has a nontangential limit M p at almost every point of the line {A + ip : As M}. 

Proposition 3.1. Let m be an even function on R with the property that M belongs to M P (M) 
for some p G (1, oo), and let k = m v . Then tpk S CO p and \\ipk\\co p ^5 II-^IIa4 p (K)- 

Remark 3.2. In what follows we will assume without loss of generality that the multiplier 
function m be rapidly decreasing. The reduction to this special situation is based on a standard 
use of heat kernel techniques, already indicated in [22, Remark 1, p. 266] and made more 
precise in the proof of [3 Proposition 4.3]. Let us briefly recall the technique. 

Let m be an arbitrary bounded measurable function on R and define mt(X) = m(\)e~ t ( x +f> ) 
for t > 0, with inverse Jacobi transform being given by kt = ht *m v , where ht is the heat 
kernel corresponding to e* £a > 8 on M. The functions mt are rapidly decreasing and form an 
approximate identity, since the Jacobi heat semigroup is ultracontractive. This is an easy 
calculation: The Jacobi transform being a unitary map from L?{dp) to L 2 (du), we conclude 
that 



i 

(1 POO \ 2 

2^1 \ e ~ t(X2+p2) \ 2 \ c W\' 2 dX) 



i i 



< er f p. 



Moreover ||-Mi||cc> (K) = ll-^1lco p (K) f° r all t > 0, so once Proposition 3.1 has been established 
for rapidly decreasing kernels, the inequality HV^IIcOp ^ ||Mt||co p (M) = ll-Mllco p (R) holds 
for all t > as well. But then sup t>0 [|^>fct[|co„ ^5 ll-^llco p (R)> implying that 
lim^o+ Hh\\co p < \\M\\ COp{R) . 



Proof of Proposition 3.1 We may assume by duality that p € (1,2] and by Remark 3.2 that 
m is rapidly decreasing. By the inversion formula for the Jacobi transform, the kernel k may 
thus be written as k(t) = J °° m(X)(p\(t) du{X) for t > 0. For the present proof it suffices to 
terminate the asymptotic expansion of <p\ from |15| Lemma 3.1] after two terms (corresponding 
to the case M = 1): Write J a {X) = (X)~ a J a (X), where J a is the usual second order Bessel 



function of order a. Then 



<p x {t) = c a ^^=(a {t)J a {Xt) + ai {t)t 2 J a+1 {Xt) + E 2 {Xt)), 



^For a>|,Q>/3>— |, and suitable A there exist constants Ro,Ri £ (1, \/f0 with Rq < Ri such that for 
every M G N and every t £ [0, R ] 

r(Q+ 5 )r( 5 ) ^A(t) ^ 

(6) ^(t) = r , 2r i Q ilwM C = E «-(*)* 2m ^ m+ a(At) +SM+l(At), 

r(a+ i)r( 5 ) */A(t) ^ 



m = 

with good estimates on the error term Em+i and the functions a 
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where a (t) = 1, |oi(t)| < , \E 2 (Xt)\ < t 4 if |At| < 1, and \E 2 (Xt)\ < t 4 |At|-( a + 2 ) if 

| At | > 1. Correspondingly, 



^(t)fc(t) = c, 



.—riJ>(t)^J Q m{\)J a {\t)du{\) + ai {t)t 2 m(X)J a +i(Xt) dv(X) 



+ 



J™ m{\)E 2 {\t) du(X)) =: h{t) + I 2 {t) + h{t). 



We presently analyze the contribution Is(t) from the error term E 2 . First note that by the 
c- function estimates from ^ and Lemma 2.1 



(7) 



o \vm\ 

oo t a+\ 



m(X)E 2 (Xt) dv{\) 



A'(t)\ 2 dt 



< IIM 



\E 2 (\t)\\c(X)\- 1 dX+ lE^WciX)]- 1 dX \dt 



< IIM 



■oo 

|oo / r 2 
'0 



^V^VW / t 4 (l + |A|r + ^A 



+ / t 4 |At|- (a+2) |A| Q+ i(iAUt. 
'W>i J 

The integral J|a|<i ^ 4 (1 + l^l) Q+5 ^ is finite since a > — |, and one computes that 

/ t 4 (l + |A|) Q+ ^A = 2^( Q+ ^. 

Collecting powers of t in the above integral and using that tp is compactly supported in a 
neighborhood around t = 0, we conclude that the quantity in the last line of ([7| may be 
bounded by CUMH^. It thus follows from Proposition 2.3 that ^3 G CO p for all p £ (1,2]. 
We must also investigate the contributions I\ and I 2 , and to this end we consider the even 

functions defined on R + by b (t) = ip(t) *J +2 and b\ (i) = ip(t)-^2=t 2 ai(t), t > 0, together 

with the functions 



*j(t) = 6j(t) / m(A) J- a+j (At) di/(t), j = 0, 1 

= m(A)J a+J (At) di/(A) + £ _ m(X)J a+j (Xt) du{X) \ =: + tff(t), 



where Jf = (— 7, 7). Observe that Jj = ^ for j = 0, 1. The point is that for A G E \ J t , say, 
we have |A£| > 1 and may use improved estimates for the modified Bessel function J a+ j(Xt) 
obtained in |16| Appendix A], closely resembling those used for the proof of |22| Theorem 2.1]. 
We wish to prove that ^ j belongs to CO p , with convolution operator-norm proportional with 
\\M \\m p - To this end one observes that the local contributions = 0, 1 belong to L 1 (d//) 
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with norm proportional with \\M\loo, since 



Oil 

j\\lA{dp) 



< 







< Halloo 
<\\M\\oo 

< \\M\\oo 



i>(t)t a+2j+ ^ aj (t) / M{\)j a+j {\t)c{\)- 1 d\ \jMt)dt 

J Jt 

^{t)t a+2 i +1 2\ aj {t)\ [ |A| Q+ i dX^A{t)dt 



i i 

i/jtyfl-^ajtytyAtydb = ||M||oo / V(*)* 2j ~ K(*)IV A (*) dt 

Ro 



r t^R-^^ dt ~ Hoc r t a+2j -' ^ 

Jo Jo 



which is indeed finite since a > \ > and j = 0, 1. 

The functions \E r °- therefore give rise to L p -bounded convolution operators satisfying the 
required norm estimate, so we concentrate on the global part \E^°. According to the standard 
asymptotic expansion for Bessel functions, |23| p. 199, Formula 1], we write 



J a+3 {s) ~ s -(«+i+§) ( C os(s + S)-P, 



sin(s + 5) 
' 2s 



+ 0(s" 2 ) , l<s<oo, 



with j3 a = a(a — 1) and 5 = —^r-ir, leading to the decomposition 



*f (t) = biifir*-* 



m(\)\- a -i-2 cos(At + 5) dv{X) 

m{X)X- a - j -'^ sin(At + 5) du(X) 

+ b j {t)r a - 3 - ± 2 / m(X)\- a - j -h j (\t) du(X) 
m\j t 

=: k jfi (t) + k jA (t) + Ej{t), 
where |ej(Ai)| = 0(\Xt\~ 2 ). Let us write kj t o and kj ; % slightly more systematically as 



kj,k{t) = c k bj(t)t' 



-a-j-k-i 



m(X)X- a - j - k -^h k (Xt + 5) du(X), j, k = 0, 1, 



where cq = 1, ci = — ^o(^) = cosx, and h\{x) = sinx. The error terms Ej are readily 
estimated: 

II^jIIli^) ^ 



< 



<\\M\ 
< \\M\ 



bj(t) / m{X)\Xt\- a -i-2 dv(X) A{t) dt 

jR\J t 

\bj(t)\t- a - j -l( f M(X)\X\- a - j -l\X\ a+1 i dx)A(t)dt 
( [ \X\- a -^i\X\ a+} i dx)A{t)dt 



\bj(t)\t- 



a-j- 



Ro 



IMIU x 



^(^r+l+^la^^lr^'-l^+l ^ since 

Ro 3 

ip{t)t a ~2dt forj = 



\x\- j - 2 dx < 



/ *p(t)t a -2dt forj = l 
Jo 
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We thus see that the natural assumption that a be strictly greater than — s does not lead to 
the desired estimate for Eq. Imposing the stronger requirement that a > \ certainly solves this 
issue. 

The piece k\ \ is just as easily handled; indeed, 



IIMI^ (40 < l°° mt a+ * ~ a - % (J M(\)\- a -l dX) ^A(t)dt 

< ||M|U [ R0 ifj(t)t aH ( / A" 2 dX) dt < UMIU f R0 mt a+ ^ dt 

JO x JR\J t ' JO 

so ki t \ is /i-integrable with the correct norm estimate, thereby establishing the assertion of the 
Proposition in the case where j + 7 = 2. 

Assume j + 7 = 1 and fix a smooth function <3? on R with 0<$<1, $ = lon [— Rq 1 , Rq ], 
and $ = on R \ [— 2i?Q , 2i?Q 1 ]. Correspondingly, write fe,^ = if^fc + £j',fe, where 

K hk {t) = c k b j (t)t- a ^- k - 1 ^ f m(A)(l - $(A))A- a ^- fc -5/ lfe (At + di/(A) 

JR\Jt 

%fe(t) = c k bi(t)r a - j - k ~^ f m{X)^{X)X- a - j ~ k - 1 2h k {Xt + S) du{X). 

Jm\Jt 

First observe that H-E^/sIIl 1 ^) is bounded by 

\b j (t)\t- a - j - k -U f \M(X)\<S>(X)\X\- a - j - k - h 2\X\ a+ ^\h k (Xt + 5)\dx)A(t) dt 

VR\Jj ' 

< Halloo r\b j (t)\t-°'-*- k -s([ ${X)\X- 1 \h k (Xt + 5)\dx)A{t)dt. 

JO VR\J t ' 

The integral in A is convergent since $ has support in the set [— 2i?Q , 1R§ 1 ]. The integral in 
i is estimated as above, leading to an upper estimate of the form HMH^ ip{t)t a+ ^~ k+1 i dt; 
this integral is finite since the power in t is strictly greater than —1 due to the assumption 
that j + k = 1. This proves the assertion for Ej k in the case where j + k = 1, but the pieces 
Kj^ k cannot be treated nearly as naively. The problem is that the A-integrand will now involve 
1 — <&(A), which will grow towards the constant 1 as A G R \ Jt increases. If we were to naively 
bound the function h k by one, the resulting integral would be divergent, so one must exploit 
the oscillatory nature of the integrand. The Kj jk are still ^-integrable as functions in t, since 
m is rapidly decreasing, but this is not enough to guarantee the type of norm bound we are 
after. 

Instead we use an idea from the proof of Lemma 5.6]: We will show that AKj~ is an L p - 
convolutor for the Euclidean Fourier transform on R and then use the principle of transference 
to infer that Kj k is an L p -convolutor for the Jacobi transform with a suitable estimate on 
its operator norm. Note in this regard that the convolution kernel in \1U\ Theorem 4.1, 
Corollary 4.11, Corollary 4.12] merely has to be /i-integrable. By the Hormander-Mihlin 
multiplier theorem it therefore suffices to show that the function 1 1— >■ A(t)Kj tk (t) is smooth 
and bounded onK\ {0} and that I^KAi-C^)'^)! is bounded on R \ {0}. Due to the presence 
of the function ^ in the definition of Kj tk we may assume that |i| < Rq. Now consider the 
truncated integrals 

r R 3 
/?(*)=/ m(A)(l -$(X))X- a -2h k {Xt + 5)\c(X)\- 2 dX, R>0, 
Ji/t 
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with 

(8) ^± = -m(i)(l - Ml + S)\c(\)\~ 2 



+ m(A)(l - $(A))A- Q -^ , fc (At + <5)|c(A)r 2 cZA. 

The integral in Q is obviously majorized by 

R \m(\)\(l-$(\))\- a --2\ 2a+l d\< [ R \m(X)\X a+ -2 dX, 
1/t Jl/Ro 

which is finite and independent of t, since m is rapidly decreasing. The same holds for 
derivatives with respect to t of said integral. It follows that the function 

/ r R i 

1 1— >■ ^(t)t 2j ~^ aj(t)y A(i) / m(A)(l - $(A))A^2/ l ' fc (At + 5)|c(A)r 2 dA 
v Ji/t 

is smooth and bounded away from 0, since for small t, the factor t 2 i~ l aj(t) behaves roughly 
like t 2j ~H a+ 2 = t 2j+a ~i which does not blow up near as long as a > |. Analogously the 
function 

t $(t)&-\(t)y[b®m{\){\ - ${l))t a +h k (l + 6)\c{±)\- 2 

behaves roughly as i){t)0-H a+ lm{\) (1 - $(i))t a+ §H 2a+1 ) = #))m({)(l - $(|))t 2j , 
which also remains smooth and bounded away from 0. Since the exact same arguments hold 
for the analogously defined integrals J?, we firstly conclude that (AKj^)' is bounded and 
smooth away from zero, and secondly - by similar calculations - that 1 1— > \t\\(AKj &)'(£) | is 
bounded as well. The assumptions in the Hormander-Mihlin multiplier theorem are therefore 
fulfilled. 

Finally suppose j = 7 = and consider the function P s : A 1— y (1 — $(A))|A|~ s c(A) _1 , 
s G R \ {0}. By the usual c-function estimates P s is seen to be (smooth and) bounded on 
K \ {0} if s > a + ~. Moreover 



< I -X I " l |c(A)|- L + |A|- ^c(A)' 1 



<|A|— ^AI^ + IAl-IArs < 



1 



according to Lemma 2.1 so A 1— y \X\\Pg\ is bounded on R \ {0} whenever s > a + |. In other 
words (by the Hormander-Mihlin theorem) P s is an L p -multiplier for the Fourier transform 
whenever s > a + ^- 

It follows easily that MP ,1 is again an L p - multiplier for the Euclidean Fourier transform: 

a < 2 

Let T m denote (as in Definition 2.4) the operator associated with an Euclidean multiplier m, 
that is T m (f) = (P^ 1 ™) -k f. Then 

TMP a+1/2 f = ^-\MP a+1/2 )) *f = (T M o T Pa+1/2 )f. 

Fix a compactly supported function ip that is smooth away from and observe that the 
function 

K 0t0 (t) :=t a ${t) f m(X)(l - $(X))\X\- a -h- iXt dv(X) = ct a ^(t)P(MP a+l )(t) 

defines a convolution operator that is bounded on L P (M) (the convolution now referring to 
the Euclidean structure), hence yields an Euclidean L p -multiplier. Its norm as an element in 
CO p (R) may now be estimated as in the third paragraph on page 168 in [TT], to the effect that 
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11-^0,0 1 1 COp(K) ^5 II-^IIm (K)- This is indeed allowed since the computation is purely Euclidean 
(no reference to any Jacobi analysis). The use of the space j4 p (K) in the reference just quoted 
is therefore justified and may be repeated. This concludes the proof of the local part of the 
multiplier theorem. □ 

The use of transference in the above proof is precipitated by the lack of an analogue of the 
Herz restriction principle that was used in the proof of the analogous result [11, Proposition 3.2]. 
The proof thereby attains a Clerc-Stein-like flavour. 

4. Global Analysis 
We use the Harish-Chandra expansion 

oo 
k=0 

of the Jacobi function ip\ to analyze the global part of the kernel k, just as in |22l Section 3], 
[TT] . and [3]. 



Lemma 4.1 (Gangolli estimates). Let D be either a compact subset ofC\ (— iN) or a set of 
the form D = {X = ^ + irj£C\7]> — for some e > 0. There exist positive constants K, d 
such that 

(9) |r fe (A)| < K{1 + k) d for all keZ + ,\eD. 

Proof. See [HI Lemma 7]. □ 

It follows that the expansion for 4>\{t) converges uniformly on sets of the form {(t, A) G 
[c, oo) x D}, where c is a positive constant. More precisely, if A G D, and c > is fixed, we 
see that 

oo oo 

Vt > c : \Ut)\ <E^(! + k ) de ~ 2H ^ E( X + ^ X > 

fc=0 k=0 

that is, (j)\(t) is bounded uniformly in A S D for t > c > 0. We will take c = Rq in later 
applications. Since A i— > <j)\{t) is analytic in a strip containing the real axis, it follows as in the 
proof of [19, Lemma 7] that derivatives of 4>\ in A are bounded independently of A as well. 

Observe that A i— > c(— A)~ 1 rfc(A) is analytic in the half plane {A G C : Im A > — p}. The 
following result is an easy adaptation of |11| Lemma 3.3], the proof of which we include for 
completeness. 

Lemma 4.2. The boundary value (Tk) p belongs to M P (M) for all p G (l,oo), and there exist 
positive constants C,d such that \\{Tk)p\\M P (M.) — f or a ^ k>l. 

Proof. As in [TJ] , we prove the lemma by means of the Mikhlin multiplier theorem on R. To 
this end we need a good uniform bound on the derivatives of (Tk) p . The areforementioned 
standard Gangolli estimates do not suffice, but it can be proved as in |11| Lemma 3.3] that 

(10) sup |r fc (A)| < k d 

{|ImA|<|ReA|} 

for a suitable constant d. The reader will have no trouble in repeating the proof, using that 
the root multiplicities m a and m2 a (symmetric space parameters) are replaced by 2 (a — /3) 
and 2a + 1 (with a, j3 being Jacobi parameters), respectively. 

Consider the region U = {z G C [Im (z — ip)\ < [Re (z — ip)\}, together with the circle 
7 : 1 1— > j^e** + (A + ip), t G [0, 2ir], with center in X + ip and radius (which is completely 
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contained in the inner of U). An application of the Cauchy Integral Formula together with 
the improved Gangolli estimates (10) yields the estimate 



dX 



(A + ip) 



1 



T k (z) 



2ni 7 7 (z — (A + ip))' 



:dz 



1 

2tt 



2t 



r fc (7(*)) |Aj 



eft 



~ |A| 



27T jU<2 

|r fc ( 7 (t))|rft< pr. 



The classical Mikhlin-Hormander multiplier theorem on R finishes the proof. 



□ 



Proposition 4.3. Let m be an even function that is bounded and holomorphic on Qi, and 
assume that M and M p are both in M p (M). Then (1 — ip)k is an LP -multiplier for the Jacobi 
transform with multiplier norm dominated by the sum of the multiplier norms of M and M p . 

Proof. We may assume without loss of generality that M and M p are rapidly decreasing, 
cf. Remark 3.2. Let K{t) = (1 — ip(t))k(t)A(t). We shall use the principle of transference 
([10, Corollary 4.11, 4.12]) to infer that (1 — ip)k is an L p -multiplier for the Jacobi transform 
whenever K is an L p -multiplier for the Euclidean Fourier transform on R. The strategy will 
be to insert the Harish-Chandra series for (p\ in the definition of k(t), use a series expansion 
for A(i), and then analyze the various pieces individually. 
As for A(i), observe that 

-t\2a+lr e t _j_ g -t\2/S+2 _ ^ptft _ e ~2t\2a+lM + g -2^ 2/3+1 

-[[«]]+[[/?]] v M+IW 



A(t) = (e* - 



E 

3=0 



-2jt 



(1 



-2t\(a) 



)W(l + e 



-: e 



2pt 



E 

3=0 



Zjda,/3(t)e 



-2jt 



for suitable constants Cj. Here [[a]] and (a) denote the integer and the decimal part of 2a + 1, 
respectively. Note that [[a]} + [[/?]] = [[2p}\. 

Moreover (by the inversion formula for the even function m) 



m v (t) = / m (A)c(-A) 



-XJi\-p)t l 



cj) X {t)dX = e- pt / M(X)(/)x(t)e iXt dX 



-ft 



E< 

fc=0 



-2kt 



M(X)T k (X)e iXt dX, 



since the Harish-Chandra series converges uniformly in a suitable set of A, implying the 
following expansion formula for K{t): 



(11) 



[[2p]] oo 

K(t) = (i - m)e pt s a At) E c J e ~ 2jt E 

j=0 fc=0 
oo [[2 P ]] 

= (l-#))e^WE^E^ 
^=o j=0 



M(A)r fc (A)e* Ai dX 



M(X)T e _j(X)e iXt dX, 



where T k = for A; < by convention (notice the index shift in the summation). Define 
a+(t) = (1 - iP(t))e- 2lt 5 aifS (t)l [QiO0) (t) and of (i) = (1 - V'(i))e 2 "<5 a , /3 (t)l ( _ OOi0 ](t), both viewed 
as even functions on R, and define (in analogy with [11 J functions 

bf(t) = f M(A)r j (A)e ± ( iA+ ^(iA,t e M, j G N , and /Qj(t) = af {t)bj_ s {t) + a+(i)6+ ^i). 
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A quick calculation establishes that K = YaLq X)f=o c jK&,ji ano - we now P r oceed to examine 
the individual K% j . The technique will be to view the integral defining bf as a path integral 
and then shift the contour of integration towards the upper edge of the strip Oi. See Figure [1} 







-R+{ 




{ P R+(l- 




74- 


73 




72 




R 


7i E 





Figure 1 . Change of contour-of-integration within (part of) £li (in gray) 

Set g±(X) = M(A)r fe (A)e ±(iA+ ' ,) * for fixed k G N , t > 0, and parametrize the vertical 
segment 72 by 72(5) = R + ip(l - j)s,s£ [0, 1]. The </-t are holomorphic in and decrease 
rapidly as |ReA| — > 00 with A G Oi- Since 

I 5± (A) dA = - i) jT 1 M(lJ + *>(l - ±)s)r k (R + ip(l - ±)s)e ± « R+ ^ 1 -h^ds 
= ip(l - l) e ±(^)* Z 1 M(i? + ip(l - i)s)r k (R + ip(l - 1 ) s ) e ^ 1 -7?) si 

•/ 



with |lm(i? + ip(l — | < |p| and Re(i? + — = i?, it follows from the improved 
Gangolli estimates 4.2 that ^(i? + ip(l — ^)s)\ < /c d uniformly in R (as long as R > \p\). 
Hence 

/ g±(X)dX < f l \M(R + ip(l - ^)s)\e Tp{l -Ti )st dt -> as R^ 00, 



since |M(z)| is rapidly decreasing in fij as |Rez| — >■ 00. An analogous investigation shows that 
also j J* g±(X) dX\ — > as R — > 00. 

Parametrize the horizontal segment 73 by 73(5) = (l — ji)ip — s, s G [-R, R\- Then 



g + (X)dX 



13 



M 



((1 - £)ip - a)r fc ((l - £)ip - s ) e W(i-^)*^«)+P)* ds 



- / M((l-i)ip- S )r fe ((l-i)^- S )e^e~ its d S 

- \ M{ip - s)T k (ip - s)e~ tts ds as R -)■ 00 
-F(Hk)(t), 
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where Hfc(s) = M{ip — s)Tk{ip — s). Moreover 

J g-{X)d\ = -J R r M[{1 - i)ip- S )r fc ((l - ^)ip-s)e-^ 1 -^- s ^ t ds 

= - [ R M((l - i)ip- S W(l - sVs^da 

= - ^ M((l-^)ip + a)r fc ((l-^)ip + s)e-H^e-* to cfa 
- / (MT k )Js)e' its ds as i? -> oo 

= -J((Mr,) p )(t). 

In other words 

(12) K tJ {t) = aj(t)T((MT^j) p )(t) + 4{t)F{H t ^){t), 

where H(-j(t) = M(ip — t)Tt-j(ip — t), just as on the bottom of [HI page 171]. 

Assuming £ > 0, it follows as on page 172 in [Tl] that \\aj \\a p {R) — ||oJ IU 2 (K) = ll«^ r (°J')]U 1 W- 
Since the a7 are compactly supported, the Sobolev embedding theorem implies the estimate 

\\^( a e)\\L^-(R) < ll a 7llL°°(K) ~ ll a 7llL 2 (K) + ll( a 7) IU 2 (R)- 

Note that by choice of ip, 1 - V>0) = for \t\ < r] /2 and 1 - ip(t) = 1 for \t\ > R > R^ 2 . 
A favourable estimate for ||a7|| is obtained just as in [TT] by direct calculation: 

hl\\h(R) = I (l-m) 2 e m l { -oo,o](t)KAt)\ 2 dt 

= f° (l-4,(t)) 2 5«At) 2 e m dt= [ 5 a> p(t) 2 e ut dt 

J—oo Jsupp(l— -0)n(— 00,0] 

< r R °S a At) 2 e m dt< r R °e^dt<e-^. 

J — oo J —oo 

The estimate for (a7)' has no analogue in [TT], [3] since the factor 5 a p is non-constant exactly 
when a, /3 are not half- integers. Its derivative must therefore be more carefully estimated. The 
issue is easily explained: as 

8' a)P {t) = 2 (a) (1 - e- 2t )^-He- 2t (l + e~ 2t )^ 

- 2 (?) (1 - e- 2t )^te- 2 \l + e~ 2t )^-\ 

where — 1 < (a) — 1, (f3) — 1 < 0, the function (1 — tp)5' a p might not be in L 2 . But we have an 
additional exponential factor of e 2it in the definition of a7 that will do the trick if we estimate 
more carefully. To this end introduce the auxiliary function f(t) = e 2U 5 a ^(t). Then 

f{t) = 2£e 2U 6 ai fs(t) + 2 (a) (1 - e -»)(«>-i e 2(<-i)t( 1 + e -2t)<# 

- 2 (P) (1 - e -2t)<a> e 2(^-l)* (1 + e ~2t )m -l^ 

where ||^e 2 ^'(l — V^)^,/? II|, 2 (IR) ~ ^ f-oo eUt dt < £e~ URo , which is still fine. The remaining 
two terms in the above expression for f'(t) obviously satisfy the same type of L 2 -estimates, 
except possibly when £ = 1, so let us assume 1 = 1. In this case e 2t 5' a g(t) behaves roughly 

as e - 2t ^+^-^ for -oo < t <C -R < 0. Since (a) + ((3) - 1 < 1, it follows from the 
presence of the mitigating additional mitigating term 2e 2t 5 Qj p(t) in the expression for f'(t) 
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that there exists some positive constant c such that f'(t) < e _ct for — oo < t <C — Rq < 0, 
whence ||(«r)'lli2(R) i$ e~ 2c< < e _2ci?0 , with a similar bound for || (a7)'ll-L 2 (R) when 
£ > 2. In conclusion it has thereby been shown that 



oo 

^2 IWiWw 1 ' 1 ^) < X! (ll a 7lli 2 (iR) + ll( a 7)'lli 2 (K)) < °°- 

1=1 1=1 
The considerations for at are similar so we shall not repeat the argument. 



By Lemma 4.2 it now follows that ||JQ^-||co p (r) ^ IK \\A p (R)\\( MT £-j) p\\m p (m.)> whence 



oo [[2p]] , oo . 

1=1 j=0 V £=l 7 

which is finite by assumption. 

It remains to consider the case £ = 0, in which case j = as well. At this point we follow 
the argument on page 161 in [3] and introduce functions 

r,±(t) = [(1 - ^(t))l [0 ,oo)(±t) " l]<W(*)e^; 

then 

= (1 - m)S«At)l{o,oc)(t)b (t) + (1 - V(*))^(<)l(-oo,0](<)&0 (*) 
= 6q (i) + (»/_(*) - l)Mt) + (<) + " l)&o (*) 

= HM P )(t) + »y_(t)^(M) + v+ (t)F(H)(t) + .F(tf p )(t), 

where i?(s) := M(— s). The first and last summands are precisely the kernels of the multipliers 
M p and H p , respectively. Obviously H p is an L p - multiplier since M p is one by assumption and 
they have the same multiplier norm. Since CO p (M) is an ^4 p (M)-module we must now simply 
see that rj± belong to ^4 p (M) but this is established by an analysis similar to the investigation 
of af above. It thus follows that ||^o,o||co p (K) ^ \\ m p\\m p (R) + II m IIa-! p (k)- d 

The change-of-contour technique was already used in the proof of [22, Proposition 4.5], 
see also |12[ Proposition 5.1], although we have altered it slightly to take into account the 
nontangential boundary value along the upper edge. This point wasn't stressed in |11| . [3J- 

There are other differences between the proof given above and the proofs of the analogous 
statements for rank one symmetric spaces ( |11| Proposition 3.4]) and for Damek-Ricci spaces 
([3J Proposition 4.5]). Most importantly we cannot use the Herz restriction principle since 
there are no subgroups to which multipliers are restricted. A more technical nuisance is in 
regards to A(i): The expansion of the function K into the pieces Kij that was used in |1 1 j 
and [3j ceases to be valid in the more general setting of Jacobi analysis, since a and j3 are 
no longer integers. It is insufficient to bound K pointwise by < for a suitable 

convolutor H (where H is defined as K but by replacing A with X^=o' +1 c j e_2: ' < )> our P ro °f 
is somewhat more complicated. We thank the anonymous referee on a previous version of the 
paper for having pointed out this problem. 

5. Proof of the Multiplier Theorem 

Proof. It suffices to prove that M and M p belong to M. P (R), whenever m satisfies the hypotheses 
of Theorem 1 1.1 1 since the conclusion will then follow from Proposition 3.1 and Proposition 4.3 
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To this end we proceed as in p. 172-173] and use complex interpolation. The strategy 
is to 'compress' the strip f2i and keep track of the nontangential boundary values of the 
modified multipliers along the edges of this compressed strip. More precisely, let z G C with 
Re 2: G [—1,1] and denote by (w) 2p the nontangential boundary value of ojm along the 
upper edge of Q zp := {A G C : |Im A| < iRezIp} if Kez > and the lower edge thereof if 
Re z < 0. This is consistent with the previously defined nontangential boundary values (ujm) p , 
in the sense that (ujm)\. p is what we previously denoted (com) p . Note that (u)m)±i. p belong 
to M P (M); for x = 1 this is just the hypothesis, and for x = —1 this is due to the fact that 
ujra is even. Their respective kernels T±\ = J r ~ 1 ((ujm)± p ) are thus Euclidean L p -convolutors. 
For z G C with Rez G [—1, 1] consider the tempered distribution T z on M that is given by 
T z = ((ojm) zp ) v , and use Euclidean convolution to define an operator S z by S z f = T z * f, 
f G <S(R). Clearly S\ + i y and S-i-i y extend to bounded operators on L P (R) for all y G R, with 
operator norms |||5 , ± (i +i j / )||| L p( R )^ LP ( K) = |||£±i|||i>(K)->ZP(]R)- Complex interpolation applied 
to the analytic family {S'zliRez^i proves that S z extends to a bounded operator on L P (R) for 
all z G (—1,1), such that T z = (um) zp belongs to M p (R) for the same range z G (—1,1). 

It thus remains to show that mc" 1 and {mc~ l ) p do belong to A4 P (R). To this end we 
introduce the function w : fii — > C, w(A) = w(A) _1 c(A) _1 and assert that w and w p satisfy 
Hormander type conditions on R of arbitrarily high order, hence define Euclidean LP- multipliers. 
From the identity wmw = mc" 1 we infer that mc _1 and (mc~ 1 ) p are indeed L p -multipliers, 
finishing the proof. 

As for the Hormander type estimates, note, for example, that 



dw 


< 


dx 





w(x) d {c(x)- 1 : 



w(x) 2 dx 



+ 



w(x) 



-c{ x y 



, X 2 \X\ \X\ 2 \X\ 1 

<. ' U ' < \x\ 2, 

~ \ x \ 2a \x\ 2a ~ 



Additional derivatives in x will produce additional decay in \x\; we leave the elementary details 
to the reader. □ 
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